st is a Symmetric Space

Stephen Peterson

1 Introduction
A symmetric space M, is a manifold* with an involutivet isometry* s, at each

point, p e M. The class of Symmetric Spaces includes many of the important and

well known spaces—spheres, real and complex projective spaces, the Grassmann
Manifolds, and the ‘exotic’ Lie Groups.

The study of Symmetric Spaces was initiated by Elie Cartan [Ca] and employs
many of the sophisticated tools of modern mathematics—differential geometry,
group theory, topology, quotient spaces, Lie Groups and Lie Algebras, see [Be],
[Ch-Ch], [C -N].

This note presents some of the basic properties of Symmetric Spaces and the
tools of differential geometry with the simplest compact example, the unit circle

in the plane, S!. The concepts of symmetries, stereographic projection,
isometries in the plane, and Lie Groups are introduced.

The unit circle in the plane, S!, is used to illustrate these properties of symmetric
spaces:

o slisadifferentiable manifold.
e Atevery point p of Slthere is an involutive isometry, s, a reflection of

the circle that fixes the point p.

e Areflection at a point p acts as (_01 01] = —Identity on the tangent space to

sl at D.
e The set of reflections of the points of S! generates the Lie Group S0(2),

the group of counterclockwise rotations of St.
e S =500, i.e. thecircleisa Lie Group.

For this note the required knowledge minimal—high school algebra, basic
geometry, trigopnometry, calculus, and some group theory. The best source of
information on Symmetric Spaces is the book by Helgason, [H].

* An n2-dimensional differentiable manifold is a topological space that is ‘locally’ differentiable to R”.

. 1 0
" Amap o is involutive if o> = Identity , e.g., (0 1)is an involutive map on the plane, R>.

* An isometry is a distance-preserving map, (O ) is also an isometry on R? with the usual distance.

-1
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This paper is dedicated to Tadashi Nagano.

2 The Unit Circle is a Differentiable Manifold

s'is the circle of radius one, centered at the origin: s = {(x,y) eR?: 2%+ )2 = 1} :

A space is an n dimensional manifold ([H]) if it is ‘locally’ isomorphic to a portion
of R", the n dimensional plane.

To show that s'is a manifold, decompose S' into two open sets ¢; and ¢, so that
st = ¢y UU, and find maps,

-1
Then the mapping %2 ° 1 is a differentiable mapping of o1 (Ui o) < Rlonto

-1
02 (Uh[(Vs) < R, ie., P2 ° 91 is a differentiable mapping of a subset of R onto

-1
another subset of R’ Similarly, the mapping 1 ° ®2 should a differentiable
mapping of 02U V) Jio 91U 1V2)

2.1 Stereographic Projection

There are several ways to show that S'is a manifold, these notes use the method
of Stereographic Projection.

In Stereographic Projection, the open sets are:
Ui= {(x, y): x%+y2=1}-{(0, 1)}, the circle minus the North Pole, and

Uo= {(x,y):12+y2=1}—{(0,—1)} , the circle minus the South Pole.
Then St = ¢, U U,
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0.1

(1,0) X

U =St (o1}

The maps ¢; and ¢, are the projections from the North and South Poles,
respectively, onto the real line. To obtain ¢;, draw the line from the North Pole
through (x,,y,) and the image of (x,,y,) under the map ¢, is the point where
the line crosses the x-axis.

(2]

Stereographic Projection from the North Pole
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x 1+, 1-x
Lemma Let (x,,y,) € Uy, then ¢ (zo,yo):l_o = o,

Yo X
o

Proof (exercise): find the equation of the line through (0,1) and (x,,y,) on the
circle. What is the x-intercept?

Exercise: Show that if (x,, y,) € Uz, then the projection from the South pole

)= i

%o

Exercises: What are the sets:

glveS (P2 (/.KO,J/O

Note that v; NV, = s - (0,1) - (0,-1), the two halves of the circle, minus the poles.

01

(1,0) X

(O!-l)

U NUy = S = {0,-1} - {0, 1)}

To show that s'is a manifold we find ¢;* and show that the composition ¢, - ¢;*is
a differentiable mapping of ¢;(U;(Us)0Nto ¢, (U4 )Us).

2

2
Lemma: If a e R, a # 0, then ¢;'() =(2_a’a_—1
a“+1 a“+1
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Proof: Let a « R,we write itas (a,0). Then ¢;' (@) is the intersection of the line
through (¢,0)and (0,1), y = ‘le +1, and the circle, st.

* =1

* y - x+1

& 22+ y? =1(xy) = (0

. 2 (=1, F_ 1,2 2,.1

= y :(Fz+) ==X —Ez+

a2

Substitute into (**) and solve for y .

Lemma: ¢, « ¢;'(a) = %,a = 0,1s a differentiable map.

2a
2 2
-1 2a a“ -1 a“ +1 2a 2a 1 inh i
Pp o0, (@) =9 [ ) = = = =< which is
2 2c22+1 a® +1 a2—1+1 a®-1+a®+1 24° a
a2+1

differentiable for ¢ = 0.

[Note that ¢, - ¢;' is an inversion through the unit circle, if a is inside the circle,

0<|al<1,then ¢,0¢'(a)= % is outside the circle, and conversely, see [C], p.
77-85].

-1
Exercise: Find ®1°®2 (@ and show that it is differentiable.

3 s! has an involution at each point

An involution is a map whose square is the identity, o* = Identity, e.g., ((1) OJ is

an involutive map on the plane, R*. The map ((1) 01)();) = ( ij is a reflection of

a point in R? through the x-axis. What points are fixed under this involution?

Common involutions on R are
((1) (1)) reflection through the line y = x.
. -1 0 . .
ii. ( 0 1), reflection through the y-axis.
-1 0 i o
iii. (0 1), rotation through 180°.
Exercise: For each of i, ii, and iii, show that the map is an involution and

determine the set of fixed points.
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For each pointp on s! draw a line through the point and the origin. Then the
reflection of the plane through that line is an involution that fixes p. Note that

there is a second point on s! fixed by the reflection, the antipodal point of p on
st

3.1 Reflections in the plane
We reflect the point v = (x,, ) through the line y = mx, where m is the slope,
m e R. We call this reflection ~_,.

The image of v under ~,, is the point v’ = #_ (v) where the line through vand v'is
perpendicular to y = mx and the point of intersection of these two lines is the
midpoint of the segment from vto v'.

Rop(V) -

The reflection of v through the line y=mx.

Lemma: The reflection of the point v = (x,, y,) through the line y = mx is given

by
2
-m +lx +[ 2m
R (Zo 1 [-m?+1 2m (Xo U2 ? Um2e)7e
Yol mP 41l 2m m? -1V 2m m? —1
—5 |t t| T3 |Yo
m- +1 m- +1
Sketch of proof:

1. Find the equation of the line through GO ) perpendicular to y = mx.

0
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Xo

2. Find the point of intersection, (a,b), of the line through (y ) perpendicular to

0
y = mx and the line y = mx.

.

%o and GO

3. The midpoint off?m[ j is (a,b), set up the midpoint equations

Yo 0

and solve for x and y.

Exercises:
i. Show &2 = forall m,i.e., R, isinvolutive.
ii.  Show detr,, = -1

3.2 Involutive map at each point of the circle

Let p = (a1-a?),-1<a<lbe point on st in the first or second guadrant.
3.2.1 a=#0

If a # 0, the equation of the line through the originandp is y = X1=—=_

2
the slope is m = Y1 -4

So the reflection that fixes this line is

o 1 [—m2+1 om | | 2a°-1 2al1-d?
m - 2 -

m®+1 2m  m? -1 2a1-a? -2a° +1
322 a=0

If a=0 then P =(0,1), the “North Pole”, and the reflection is the reflection

through the y-axis, ();) - (_yx).

The matrix is:

2
(—mz +11, +( 22/77 ;
im £ | 0= tim |7 1 (R I b T e
m—w Y m—w 2 0O 1)y Y,
o 2m m- -1 o o
(—x +{ 5 Y,
m- +1 m- +1

Exercises.
i. R, fixesthe points p = (g\/1-a?)andq = (-a,—/1-a?) -1 a <1.
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o _| 2°-1 2al1-d°
2a\l-a® —2a°+1

a
4 The involution at p acts as —Id on the tangent space
For a general n-dimensional manifold, M, the tangent space at a point p € M is
the n-dimensional vector space spanned by the tangent vectors to M at p.

. . 10
is involutive, i.e., R R, = ( ]

01

4.1 The tangent ‘space’ to !

The tangent ‘space’ to the circle, S!, at a point is the line tangent to the circle at
that point.

The tangent line to the circle at P

The equation of the circle is given by x2 + 2 =1 and using implicit

differentiation we get xax + ydy = 0 and ;—y = % I.e., the slope of the tangent

line at a point p = (a,\/1 —a®),-1<a<1la =0, onthe circle is %’ =—=2 the

\/1—a2

tangent line at p is parallel to the line y = -—¢ > x through the origin.
l1-a

The line y = ——2 x through the origin is a 1-dimensional vector space, i.e.,
1-a?
X
the setof vectors | ___a _ , |, i.e., the tangent space to st at p.

1—a2
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Then (exercise):

l—a2

We see that at the point p, the reflection preserves the tangent line, but reverses
the direction.

If a=1 (or a = -1), the reflection that fixes (1,0) (or (-1,0)) is the reflection

1 0 (z _()c
y -y

0 1 . The tangent line to 1.0) js the vertical line
tangent to the circle at this point, (3] . The reflection through the x-axis reverses

through the x-axis, (

this line.
5 Isometries, The Reflections of s! Generate so(2)

5.1 The Orthogonal Group

In general, an isometry is a map that preserves distance. In the plane R?the
usual distance between two points is given by the standard dot product and the
Pythagorean identity.

Thinking of x = (j‘/ as a column vector, then the length of the vector is:

| % |=Jxex =/x% + y° , where «is the usual dot product.

The Orthogonal Group O(2,R) = O(2) is the set of 2 x 2 matrices with real entries
that preserve the length of a vector, i.e., isometries of the plane that fix the origin.

This means that if Aisa 2 x 2 matrix then 4 0(2) < | Ax |4 x |.

(O(1) is the set of 1 x 1 matrices that preserve distance on the R line. The
operation is multiplication, 4 € 0(1) =| Ax |- x |= A = {1or —1}. Note that
multiplication by 1 preserves orientation on R and multiplication by -1 reverses
orientation onR.)

What are the algebraic equations for elements of O(2)?

b

a
L =
et 4 (C e o@,
a bl|(x| |(ax+by| 2 2 _ |2 2
then(c a’[y —(CXery‘—\/(aerby) +(cx + dy) —Jz +y
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implies
X2 y2 = (ax + by)2 + (cx + dy)2
22 & 2caxy + d2y2

= (@ + ) x2 + 2Aab + cd)ay + (B2 + d2)y?

- a®x? ¢ 2abxy + b2y2 +c

Then
QD d?+c?=1=c=+/1-4d°
(@) b2+d?=1=b=+/1-4d°

(3) ab+cd =0
and

@ﬁ3b=%?ﬂ¢o

—J1-g2 :M
a

2\ 72
—1-g? =422

a
:>czz—a2a’2 =a’2—a2d2
:az =a’2
=a=*d

Further )& (2) = |alsL|blsl|cl<land | d <1

Therefore 0(2) = [ a tl-a

(3) determines the sign of the various entries, the possible choices are:

@) [ a —\/1—a2

l—a2 a

2
i) [ a l1-a

—\/l—a2 a

, rotation counterclockwise

, rotation clockwise

2
(i) “ 1=a% reflection through the line with slope, 7 = [1=4
2 l+a
l-a -a
2
() a 5 _E , reflection through the line with slope, m = —F;_g
~1l-a -a
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Exercises:
i.  Foreach of (i) - (iv) the determinant is +1.

i. Aco@) o ‘44 = ((1) (ﬂ where A4 is the transpose of A.

P 2a2—1 2a\/1—a2
2a\/1—cz2 —2a2+1

- , -1 < a <1,isanisometry. Which of i, ii, iii,
orivis R,?

Definition: SO(2) is the set of elements in O(2) with determinant 1, the “special
orthogonal” group.

5.2 SO(2)
From section 5.1 that matrices in O(2) given by:

a —\/1—a2

l-a a

2
) [ a l-a

) , rotation counterclockwise

, rotation clockwise
—~/1- a2 a

have determinant 1. Thus SO(2) consists of the rotations of the plane.

It is more convenient to write these as

o (cose —sin@

. , rotation counterclockwise in an angle 6 and
sin@ cosf

@) (cose sind

, , rotation counterclockwise in an angle 6 , where 6 = arccosa .
—sin@ cosé

5.2.1 SO(2)isagroup
A group [CI] is a non-empty set G with a binary operation that satisfies 3 axioms:
1. Forall g,nk e G, (gh)k = g(hk), associative.

2. There exist an element e ¢ G, the identity element, so that eg = ge = g for
all g e G.

3. Forevery g < G there exist an element g1 < G, the inverse element, so
that gg ! = g lg = e.

cos@ -sin@

Exercise: Show that SO(2) = {( } 0 e R} IS a group, with identity

sin@ cosé
10 cos6@ -sinfd ..
lemen f g = what i ?
element, (O 1] g (sine cose} atls &

MATHEMATICAL REFLECTIONS 3 (2007) 11



Exercises:
i. Agroup is called Abelian or commutative if g7 = hgVg,heG. IS

SO(2) Abelian?
ii. Is 0(2) agroup?
iii. Is 0(2) Abelian?
iv. Isthe set of reflections in 0(2) a group?

5.3 The reflections on s! generate 50(2).

It is a fact of plane geometry that any rotation in the plane can be written as a
product of two reflections, see [C]. This fact is illustrated using the
representations of the reflections and rotations as matrices.

The points on S* can be written as p = (cos6,sin6). Then, as above, there is an
involutive isometry at p,
P [2cos2 6-1 2cosfsind
2c0s0sin@ —2cos?6 + 1
point. Note that this is a reflection, not a rotation, the determinant is -1.

B [cos 20 sin26

Sn20 - cos 29} that fixes p and its antipodal

Let ¢ = (cosa,sina) be another point on S, then the involution that fixes ¢ is

P _[20052(1—1 2c03cxsinoc]

cos2a  sin2a
5 .

sin2a.  —cos 2o

2cosasinoe —2cos“a +1

C0S20.c0S 20 + sin2a.sin20 cos 20.5in 28 — sin2o. cos 26
sin20.cos 26 — cos2a.sin260  sin2a.sin26 + cos 20.cos 26

~ cos(2a - 26) —sin(2a - 29)
a sin(2a - 26)  cos(2a — 26)
angle, 2(a. - 6).

Then 7 R, :(

} e SO(2) i.e., a counterclockwise rotation in the

That is, products 7 R, generate S0(2).

cos/Z -sinf

Exercise: Given g =
g [sin/o’ cos /3

} e 50(2) find o and 6 sothat 2 7y = g.
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6 S0@) =St

6.1 The Action of a Group on a Set

Definition [CI]: A group G acts on a set X as a group of transformations, if for
each pair (g,x) € G x X there is an associated element ¢ * x € X so that:

. g*(h*x)=(gh)*x forall g,heGand x e X.
ii. exx=x forall x e X, where e is the identity elementin G.

Definition: The orbit of x € X under the action of & is a subset of X,
G*x={yeX|y=g*x forsomeg e G}.

Definition: The action of G on X is transitive if for everyx, y € X thereisa
g e Gsothat g * x = y. The action is simply transitive if for every
x,y € Xthereisaunique g e Gsothat g*x = y.

Definition: The stabilizer (or isotropy subgroup) of x € X under the action of
G is the set of group actions that fix x, 6, ={g e G| g* x = x}.

Exercise: G, is subgroup of .

6.2 The Action of s0(2) on st

Geometrically SO(2) acts on slasa group of rotations, each element of S0O(2)
rotates the circle. Algebraically the action is matrix multiplication of a vector in
RZ. Since S0(2) preserves distance the action takes slonto itself.

The orbit of a pointp in ! is the locus of the points where p is sent by the action
of the members of the group S0(2).

1. The orbit of (cl)] under the action of S0(2)is S.

o (582281020

sin@ cos@ || 0 sin@
2. The action of S0(2) on S! is transitive, but not simply transitive.
Proof: for any two points on S! we can find a rotation that take one to
another (exercise). However, the rotation is not unique since
(cose —sin@ [z ~ [cos(e +2nm) —sin(6 + 2mm) [;c
y y

= , nel.
sin@ cos@ €

sin(6 + 2mm) cos(e + 2/777)
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3. The stabilizer of ((1) under the action of SO(2) is

50@), - 095(0 +2nm) —sin(0 + 2n1m) Cnezb.
sin(0 + 2nm)  cos(0 + 2nm)
cos® -sinf

sin@ cos@

50(2)
50(2),

(COSOL —sina} if [COS(X sina](cose —sine} - [COS(O + 2km)  —sin(0 + 24m)

is the set of cosets where ( } is in the same coset as

sina  cosa —sina. cosall sin@ cosO sin(0 + 24m) cos(0+2/m)’

for some integer 4, i.e., 8 = a — 24m.

S02) - :

S0, isagroup. Exercise.
. S0Q2) | al
Theorem: —50(2)1 = S,

Proof: (exercise).

7 st=s0@) isalie Group

Roughly speaking, a Lie Group is a non-empty set that is both a differentiable

manifold and a group. We've seen that S! is a manifold and that S! can be given
a group structure by identifying it with S0(2), the final step is to check that the

group operations are differentiable.

Definition ([H]) A Lie Group is a group G that is also a differentiable manifold
such that the mapping (g, %) - gh~! of the product manifold G xGinto G is a
differentiable map.

we can define a

Since (cose —sinGKCOSa —sina} :(cos(9+a) —sin(6 + o)

sin@ cosO || sina,  cosa sin(6 +a) cos(6 +a)

multiplication on S! by

(cos6,sinB) * (cosa,sina) = (cos(6 + a),sin(6 + a)).

Exercise: Check that s! with * is a group. What is the identify element? What is
(cos 8, sin 9)_1 ?

Then ©[(cos 6,sinB),(cos a, sina)] = (cosB,sind) * (cosa, sina) L = (cos(6 - a),sin(6 —a)) is
amapping st x st 5 st.
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To check that this map of manifolds is differentiable, [H], use the stereographic
projection maps ¢; and ¢, and show, e.g., that the mapping

9, 2© (07" x o7') : R? R is differentiable.

sl x s _o, st
(pl_lT (pl_lT ¢(p1
b ab+a-b+1
a ab-a+ b+l

Exercises:

: R s B __cos(0-a) _ab+a-b+1
1. Show f(@,5) = ¢, =@+ (o’ X o' )(@,0) = =5 s = 00

where cos6 = 22‘1 ,and cosa = 22—b. Where is this map defined?
ac+1 b +1

ii. Show that f(q,») is differentiable by calculating % and %. Where

is this map not differentiable?

8 Conclusion

In these notes we introduced many of the major themes of the study of symmetric
spaces — involutions, actions of Lie Groups, and the realization of symmetric
spaces as quotient spaces.

These notions generalize to n-dimensional spheres, S = %&)D, the
SO(p +q)
SO(p) x 50(q)
spaces. See [H] for the list of irreducible symmetric spaces and a complete

exposition of the theory.

Grassmann Manifolds , the projective spaces, a variety of exotic
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